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ABSTRACT: In the present article, a numerical technique with seven step block method is proposed to find 
approximate solution of fifth order differential equation with initial value by block integrator method  without 
tackling  the reduction method. The convergence, stability, consistency and order of the method are derived. 
The accuracy of the method over other method (ODE-45) is established through three numeral examples and 
absolute errors are determined. 
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I. INTRODUCTION 

The mathematical model of many problems in quantum 
physics are IVPs of the from f�x, y, y′, y′′, y′′′, y�� , y′′′ , y′′ , y′, y, x� = y� , y
 = γ
 , y′
 = γ� ,y
′′ = γ� , y
′′′ = γ
 , y
�� = γ�                              (1) 

Solution of initial value problems (IVPs) up to fourth 
order have been approached using different multistep 
methods and block methods by authors [1, 4-6] and [10-
13] for the methods using predictor-corrector method 
starting values are obtained by Runge-Kutta method [7-
9]. The direct approach with linear multistep method 
[15,18], efficient zero-stable numerical method using 
predictor-corrector mode [14], a five-step block method 
[17-19], six-step and seven step block method  [16, 18] 
are applied to obtain approximate solution of Eqn. (1). In  
the present article, an efficient  numerical scheme is 
employed for fifth order differential equation via block 
method. 
To overcome the drawbacks of complex process, waste 
of time and large computer memory required, 
researchers have worked on developing block methods 
for better approximation [2, 3]. In this method values are 
calculated simultaneously at different grid points. In the 
present article a seven point block method is derived, 
which is zero stable, consistent and convergent. 
The present work is organized as follows: In Section II  
the block method is constructed. In Section III an 
analysis and properties of the proposed method are 
analyzed. Numerical verification and brief comparison 
with ODE-45 are determined in Section IV. The 
conclusions are drawn in Section V. 

II. DERIVATION OF THE METHOD  

The Eqn. (1) is expanded by the power series, 

 y(x) ≈ ∑ a�x�����
  

or equivalently 

y(x) ≈ ∑ a� ������ ������
                                                    (2) 

and Eqn. (2)  is differentiated up to fifth order, yields. 

y�(x) = ∑ i����� (i − 1)(i − 2)(i − 3)(i − 4)a� ������ ����
    (3) 

The system of equations are obtained interpolating Eqn. 
(2) at the grid points x", x"#� , x"#� , x"#
 , x"#�  and 
collating Eqn.  (3) at  x"#�, i = 0(1)7. The values of the 
coefficients a�, i = 0(1)12 are obtained by matrix 
inversion method. 
The calculated values  when substituted to Eqn.  (2), we  
obtain LMM of the form  y(x) = ∑ α�y"#����
 + ∑ β(f"#()(�
                                      (4) 

Putting t = �����   in Eqn. (4),  α� ,β(  are calculated as 

follows: 

α
 = ��� t� − ��� t
 + 
��� t� − ���� t + 1,  

α� = 
+,� − �
+-
 + 4t, 
 α� = �� t� − 2t
 + �.+-� −  3/, 
α
 = 124 t� − 14 t
 + 1124 t� − 14, 
α� = 1124 t� − 14 t 
β
 = +0-12��.1�
� + �+00)
�.
� + +03��2����..1 − �
+4.122) − �
+5.122) +

+6�
2�) − 
.+7��

) + +8��
 − ��)+9.2�� + �
.+,.�
. − 
�+-)1.. + �)+��.�
.,    β� = − +0-�2
)2���
 − )+00��

)� − +03�.21�.2�� + �+4��1�2 + �+5��1�2          

– 
�)+62)��   + 
221+7��22�   − �))+9
���  + 
.)+,����  – �2)+-.�) + ���+�1�) , 

β� = t��74825575 + 9t��153311 + t�
71681232 – t.15680 − 11t115680 

+ ).+6���22 − 1�+7���.� − �.+9�222 + 
�2+,

�
 − �
.+-�
�) + ��)+�.�
,  

e
t
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β
 = − +0-)
22
�11 − .+00�)
2

 − +03�)
�
2
� + �
+4��)�. + �
+5��)�. − 2�+6��

� + �
+7.
�� − ��
+9�112
 + )
+,
11) − �)+-�
)
 +  

)+2����, 
β� = +0-��1��
2�� + �+00�.
�.) + +03��
1���� − 
�+4��)�
� − 
�+5��)�
� + )�+61���) − 
�+7�
�
2 + �
+9��.1
 − 1�+,
�..� + �
+-����) + �
)
+).
�.
, 

β� = − +0-2
1�22����
 + +00�
�2��1� − +03.
�.)��. − +4�

2

� − +5�

2

� + +6221221 − +7��)��� + �+9.��)
. − +,�
.
)� − +-�
1�
�) + +)
�2�1, 

β2 = − +0-1
2)�1
1� − +00
)
11. + +03

��11��
 + 
+4���


 + 
+5���


 − �
+6�
2��� + �+7

�.
 − �+9���
. + �)+,2
.2
 + ��+-�
���) − )+
1)��, 

β) = +0-
�
�.
1.1
 + +00�2���2� − +03�
���)�.�) − 
+4�
2.�1 − 
+5�
2.�1 + .+6���
�� − �+7��))) + 
+9
11
2 − �
+,
��

. − )+-�

)
1 + ��+�2���
. 

Evaluating Eqn.  (4) with it's  derivative upto 4th order at select grid points, we obtain a discrete block series of the 

form A
Y"#A� = A�Y"�A + hA�Y"�A′ + h�A
Y"�A′′ + h
A�Y"�A′′′ + h�A�Y"�A�� + h�B�F"#A + h�D�F"�A  (5) 

Where, Y"#A = Fy"#� , y"#�, y"#
 , y"#� , y"#� , y"#2 , y"#)GH Y"#A(�) = Iy"#�(�) ,∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙, y"#)(�) K 
Y"�A(�) = Iy"�A#�(�) , y"�A#�(�) ,∙∙∙∙∙∙∙∙∙∙∙∙∙, y"(�) K 
F"#A = Ff"#� , f"#�,∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙ f"#AGH F"�A = Ff"�A#�, f"�A#�,∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙ f"GH 

L
 =
MNN
NNN
O1 0 0 0 0 0 00 1 0 0 0 0 00 0 1 0 0 0 00 0 0 1 0 0 00 0 0 0 1 0 00 0 0 0 0 1 00 0 0 0 0 0 1PQQ

QQQ
R
,    L� =

MNN
NNN
O0 0 0 0 0 0 10 0 0 0 0 0 10 0 0 0 0 0 10 0 0 0 0 0 10 0 0 0 0 0 10 0 0 0 0 0 10 0 0 0 0 0 1PQQ

QQQ
R
,    L� =

MNN
NNN
O0 0 0 0 0 0 10 0 0 0 0 0 20 0 0 0 0 0 30 0 0 0 0 0 40 0 0 0 0 0 50 0 0 0 0 0 60 0 0 0 0 0 7PQQ

QQQ
R
, 

                       A
 =
MNN
NNN
NNO
0 0 0 0 0 0 ��0 0 0 0 0 0 �0 0 0 0 0 0 .�0 0 0 0 0 0 10 0 0 0 0 0 ���0 0 0 0 0 0 180 0 0 0 0 0 �.� PQQ

QQQ
QQR ,   A� =

MN
NN
NN
NN
NO0 0 0 0 0 0 �20 0 0 0 0 0 �
0 0 0 0 0 0 .�0 0 0 0 0 0 
�
0 0 0 0 0 0 ���20 0 0 0 0 0 
20 0 0 0 0 0 
�
2 PQ

QQ
QQ
QQ
QR

,  A� =
MN
NN
NN
NN
NO0 0 0 0 0 0 ���0 0 0 0 0 0 �
0 0 0 0 0 0 �)10 0 0 0 0 0 
�
0 0 0 0 0 0 2����0 0 0 0 0 0 ��0 0 0 0 0 0 ��
��� PQ

QQ
QQ
QQ
QR
 

                      B
 =

MN
NNN
NNN
NNN
NNN
O0 0 0 0 0 0 991717740800 0 0 0 0 0 9623748440 0 0 0 0 0 7370739856000 0 0 0 0 0 35968141750 0 0 0 0 0 6194687595800320 0 0 0 0 0 2124915400 0 0 0 0 0 595135872280960 PQ

QQQ
QQQ
QQQ
QQQ
R

,   S� =

MN
NNN
NNN
NNN
NNN
O0 0 0 0 0 0 443243171072000 0 0 0 0 0 1325264677750 0 0 0 0 0 5260774928000 0 0 0 0 0 12504324677750 0 0 0 0 0 2584262547900160 0 0 0 0 0 1834219250 0 0 0 0 0 26289269317107200 PQ

QQQ
QQQ
QQQ
QQQ
R
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S� =

MN
NN
NN
NN
NN
O0 0 0 0 0 0 ���
)�
��

0 0 0 0 0 0 2211���)� 0 0 0 0 0 0 ��
�)��1

 0 0 0 0 0 0 ...��)��0 0 0 0 0 0 �.

)������� 0 0 0 0 0 0 12��)�0 0 0 0 0 0 ��)
�

�)�1

 PQ

QQ
QQ
QQ
QQ
R

,   S
 =

MNN
NNN
NNN
NNO
0 0 0 0 0 0 ��2�)
�1���

0 0 0 0 0 0 ��.
.�1
�
0 0 0 0 0 0 �1
..���

 0 0 0 0 0 0 ��1�����)�0 0 0 0 0 0 �
����)��)20 0 0 0 0 0 �.)
�
 0 0 0 0 0 0 ��.��
��.�

 PQ

QQQ
QQQ
QQQ
R
,    S� =

MN
NN
NN
NN
NN
O0 0 0 0 0 0 ���)�)�1
0 0 0 0 0 0 ����
 0 0 0 0 0 0 �2�1.20 0 0 0 0 0 �)1.��0 0 0 0 0 0 �2�1.20 0 0 0 0 0 ����
0 0 0 0 0 0 ���)�)�1
PQ

QQ
QQ
QQ
QQ
R
 

T
 =

MN
NNN
NNN
NNN
NNN
O 42511168428800 − 12682715966720  26992331933440 − 29754747900160 9409331933440− 6483779833600 189519160064486818711 − 815929700 24388505 78119374220 102410395 − 10127374220 153846777539614671971200 − 1690551985600 2081711264 − 265761197120 12546091971200 − 172341985600 38071792003735296467775 − 855104155925 20403231185 − 6348813365 349952155925 − 1068817325 3507246777543001562519160064 − 133281251064448 33570312519160064 − 10703125870912 1773125304128 − 153593759580032 373437519160064984961925 − 362071540 15282385 − 399331540 97277 − 38071100 1623851262373771244160 − 44341908111404800 1 212961191520640 3234171016842880 22470959912384 − 149414232280960 5484124168428800PQ

QQQ
QQQ
QQQ
QQQ
R

 

 

T� =

MN
NNN
NNN
NNN
NNN
O 369431069200 − 63241147800 2707515987520 79356123950080 8699554400− 517351119750400 1573929937600315461467775 − 9741485 6406793555 − 932218711 1221151975 − 30176467775 73393555404109123200 − 1195317492800 963352 − 19707398560 116397123200 − 127971127971 243770087756893555 − 9126417325 13414418711 − 6851213365 4198417325 − 6233693555 3788846777512274375598752 − 4748125532224 186906251197504 − 492906254790016  58751188 − 65168754790016 1981251197504734671925 − 252721925 11493385 − 6642385 172531925 − 666275 81275273298627273298627− 2235331126720 5529503106920 − 17529701684288    82354352800   − 6435400317107200   4081785536 PQ

QQQ
QQQ
QQQ
QQQ
R

 

 

T� =

MN
NNN
NNN
NNN
NNN
O 40187259200 − 2209191209600 23141120960 − 20267145152 39901604800 − 219411209600 400118144001938114175 − 521450 34732835 − 506567 221525 − 327728350 199141759182722400 − 10538144800 387128  − 197918960 2340922400 − 1287944800 7832240011843214175 − 155364725 5792945  − 1672405 92484725 − 8481575 92814175102612572576  − 71251792 80187572576 − 891875145152   36251152 − 125375145152  7625725763753175 − 1539350 62135 − 547 891175 − 6350 271757848869259200 − 789929172800   16807640 − 18487720736 72270186400 − 218491172800 57281259200 PQ

QQQ
QQQ
QQQ
QQQ
R
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T
 =

MN
NNN
NNN
NNN
NNN
O 3395364800 − 341699604800105943181440− 153761362880 9434725 − 993591814400 60319072002782114175 − 14175675 799567 − 58815670 23214725 − 191614175 233141753914111200 − 2411122400 369160 − 72994480 861311200 − 473722400 93507115214175 − (38324725 113442835 − 856405  49124725 − 407214175 49614175593759072 − 1337524192 21062536288 − 13062572576 1225864 − 2687572576 1625362881413175  − 54175 26735 − 9970 459175 − 925 91751241317129600 240186400 120051296 − 4081751840 16086743200 146461259200  818364800 PQ

QQQ
QQQ
QQQ
QQQ
R

 

T� =

MN
NNN
NNN
NNN
NNN
O139849120960 − 45114480  123133120960− 88547120960 15374480− 11351120960  275241921466945  − 71420 68105 − 19273780 26105 − 29420 89451359896 13774480 59274480 − 30334480 13774480 − 3734480 98961448945 835 1784945 − 106945 835 − 64945 89453672524192 7752688 46252688 1362524192 18952688 − 2752688 275241925435 27140 6835 27140 5435 − 41140 02503917280 343640 2092317280 2092317280 343640 − 2503917280 525717280PQ

QQQ
QQQ
QQQ
QQQ
R

III. ANALYSIS AND CHARACHTERISTICS  

A.  Order of the method 
Eqn.  (5) can expressed  with linear operator L = Y"#A(�) − ∑ h(E(Y"�A(�) −���(�� h���(B�F"�A + D�Y"#A) (6) 

for the above calculated values of  A
, E(, B� and D�. Expanding Eqn.  (6) by Taylor’s series   FL(y(x), h)G = γ
y(x) + γ�hy′(�) + γ�h�y′′(�) + ∙∙∙∙∙∙∙∙∙∙∙ +γZ#�hZ#�yZ#�(x), 
Using Lambert (1973) [8], γ
 = γ� = ∙∙∙∙∙∙∙∙ = γZ = γZ#� = γZ#� = 0 and γZ#
 ≠ 0. p = 10 and  

γ�
 = ]− .�
)
�. , − )2�)2�. , − ).���. , − �)�.�)� , − ��.
�)1 ,− �
.


1. , − ))����� ^H
where p and γZ#� are error  and error constant, respectively 

Proposition-1: A method is consistent if it has order greater than one. In our case the order of the method is 10. 
Hence the present method is consistent. 

B.  Stability Analysis 
Proposition-2: In the present work the first characteristic equation is given 

ρ(λ) = _
_
λ

MNN
NNN
Oλ 0 0 0 0 0 00 λ 0 0 0 0 00 0 λ 0 0 0 00 0 0 λ 0 0 00 0 0 0 λ 0 00 0 0 0 0 λ 00 0 0 0 0 0 λPQQ

QQQ
R

−
MNN
NNN
O0 0 0 0 0 0 10 0 0 0 0 0 10 0 0 0 0 0 10 0 0 0 0 0 10 0 0 0 0 0 10 0 0 0 0 0 10 0 0 0 0 0 1PQQ

QQQ
R
_
_
=0 

                                              λ2(λ− 1) = 0, 
λ = 0 is of multiplicity six which is less than seven and λ = 1 are the solutions of Eqn.  (6). So the method is zero 
stable. 

C. Convergence 

Proposition-3: The  proposed method is zero stable, so it is convergent. 
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IV. NUMERICAL EXAMPLES 

1. y� = − (cos x + sin x),  y
 =  y
′ = 1, y
′′ = −2, y
′′′ =1, y
�� = 2; 0 ≤ x ≤ 1 and h = 0.1 
The exact solution is   y = 2x − �� x� + ��� x� + cos x − sin x. 2.  y� = 5y′′′ − 4y′, y
 = 3, y
′ = −5, y
′′ = 11,  

y
′′′ = −23, y
�� = 47, 0 ≤ x ≤ 1 and h = 0.1 
The analytical solution is y = 1 − e�� + 3e��� 

3.y� = y�� + y′ − y,  y
 = y
′ = y
′′′ =  y
�� = 0, y
′′ = 1; 0 ≤ x ≤ 1 and h = 0.1  

Analytical solution is y = �� (coshx − cos x) 

Table 1: Comparison  of Approximate solutions with Analytical solutions of Test-1. 

X Analytical ODE 45 Approx 
Absolute 

Error by current Method 

0.1 1.090174915297864 1.090174915016777 1.090174915297859 4 .884981308350689e-15 

0.2 1.161463913712847 1.161463913179007 1.161463913712838 9.103828801926284e-15 

0.3 1.215153782464266 1.215153781708555 1.2151537824642654 1.776356839400251e-15 

0.4 1.252709318360901 1.252709317416430 1.252709318360978 7.704947790898586e-14 

0.5 1.275761189952836 1.275761188854608 1.275761189952826 9.992007221626409e-15 

0.6 1.286093141514643 1.286093140299185 1.286093141514631 1.199040866595169e-14 

0.7 1.285628666713464 1.285628665418457 1.285628666713445 1.909583602355269e-14 

0.8 1.276417285114309 1.276417283778195 1.276417285114310 1.110223024625157e-15 

0.9 1.260620558643181 1.260620557304766 1.260620558643175 5.995204332975845e-15 

1.0 1.240497987726910 1.240497986424961 1.240497987726971 6.106226635438361e-14 

Table 2: Comparison of Approximate solutions and  Analytical solutions of Test-2. 

X Analytical ODE 45 Approx 
Absolute Error by current 

Method 

0.1 2.551354841197986 2.551354809036535 2.551354841197989 3.108624468950438e-15 

0.2 2.192229385028936 2.192229408226443 2.192229385028912 2.398081733190338e-14 

0.3 1.905616687600361 1.905616747101572 1.905616687607256 6.894929072132072e-12 

0.4 1.677666846316025 1.677666928156961 1.677666846461389 1.453641651494309e-10 

0.5 1.497107663801694 1.497107757889994 1.497107665483066 1.681371930573050e-09 

0.6 1.354770999642580 1.354771098812708 1.354771011906766 1.226418588906597e-08 

0.7 1.243205588033410 1.243205687317150 1.243205653777727 6.574431687944582e-08 

0.8 1.156360589866745 1.156360685931992 1.156360870765622 2.808988770475196e-07 

0.9 1.089327004924161 1.089327091384927 1.089328014461847 1.009537685892070e-06 

1.0 1.038126408538396 1.038126510324552 1.038129573989230 3.165450833897410e-06 

Table 3: Comparative  study of Test-3. 

X Analytical ODE 45 Approx 
Absolute 

Error by current Method 

0.1 0.005000001388889 0.005000001190181 0.005000001388878 1.099988156116893e-14 

0.2 0.020000088888917 0.020000086817131 0.020000088888920 2.997602166487923e-15 

0.3 0.045001012501627 0.045000971592646 0.045001012501613 1.399574900418088e-14 

0.4 0.080005688917785 0.080005380737770 0.080005688917767 1.799949078673535e-14 

0.5 0.125021701658004 0.125020245004635 0.125021701658015 1.099120794378905e-14 

0.6 0.180064801666295 0.180059639621234 0.180064801666226 1.900036098045348e-14 

0.7 0.245163409173227 0.245148396300883 0.245163409173212 1.498801083243961e-14 

0.8 0.320364118478840 0.320326325669622 0.320364118478821 1.898481372109018e-14 

0.9 0.405738208589055 0.405652994462851 0.405738208589043 1.199040866595169e-14 

1.0 0.501389164473552 0.501213006791437 0.501389164473547 4.996003610813204e-15 

V. CONCLUSION 

In the present work a seven point block method is 
applied to solve fifth order IVPs directly using without 
reduction as well as predictors and correctors methods. 
The convergence, consistency and order of stability has 
been established. Implementation of the method in 
different types of problems and its comparison with the 
exact solution and ODE 45 has been reported in Table 
1, 2 and 3, respectively. It is observed that our present 
method is a good agreement with the exact solution of 
fifth order differential equations of different approach in 
a nice manner as compared to other existing methods.  

VI. FUTURE SCOPE 

This work may be extended to obtain the approximate 
solution initial value problem of higher order ODE in  
physical sciences. 
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